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Abstract: This paper presents a controller design methodology using Model Reference Adaptive System (MRAS)
technique for a multi input multi output (MIMO) coupled tank system using Lyapunov design approach. Adaptation
law designed using Lyapunov approach, ensures the stability of the system and the system has better transient response.
Mathematical modeling of a coupled tank system has been presented in this paper. The change in the response of the
system with the change in the value of adaptation gain parameters has also been studied. Simulation using MATLAB
has been carried out to show the behavior of the system after applying the control algorithm.
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I. INTRODUCTION

Among various approaches used in adaptive control,
Model Reference Adaptive Control (MRAC) system is
one that has been used widely [1]. Direct and Indirect
approaches can be used to design model reference
adaptive system [2]. In direct approach, controller
parameters are directly estimated [2]. In the present paper,
direct approach has been used to design the adaption laws.

For the estimation of controller parameters in adaptive
control system adaptation laws can be designed using
various methods [3]. In this paper, adaptation laws are
designed based on Lyapunov method. Lyapunov approach
guarantees the stability of the system and gives better
transient response characteristic compared to MIT rule [3].

Regulating the level of liquid in tanks and rate of flow of
liquid from one tank to another tank in coupled tank
system is one of the basic control problems in process
industries [4]. Under fixed operating conditions,
conventional PID controllers can be used optimally where
PID parameters can be tuned using various algorithms
such as Ziegler-Nichols method. But under dynamic
conditions where operating condition changes PID
controller operates under sub-optimal condition if PID
parameters remains unchanged [4]. This requires the use
of adaptive system such as model reference adaptive
system [5]. In [4] MRAC and Modified MRAC system
using MIT rule has been presented for SISO (Single Input
Single Output) coupled tank system. In [5] direct model
reference adaptive control based on Command Generator
Tracker (CGT) approach on a nonlinear model of SISO
coupled tank system has been presented. In [6] control
algorithm based on Hankel norm for MIMO coupled tank
system has been given.

This paper is organized as follows: In section Il, an
overview on MRAC and Lyapunov theory for controller
parameter adaptation purpose is given. In section lll, a
MIMO coupled tank system and its mathematical
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modeling is given. In section IV, control algorithm has
been designed using Lyapunov theory. In section V,
simulation results are given. And Section VI concludes
the effect of adaptation gains based on the simulation
results obtained.

Il. MODEL REFERENCE ADAPTIVE CONTROL

A reference model has been chosen based on the required
specifications in model reference adaptive system [2]. The
output of both plants, the reference model and the actual
plant, has been compared and an error called as tracking
error can be obtained. Fig.1 shows the general schematic
structure of MRAC system.
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Fig. 1.Block diagram of MRAC

This error signal obtained is applied at the input of the
plant as feedback, after passing it through the block that
changes the parameter of the controller. The parameters of
the controller are then adjusted itself until error becomes
zero [7].

A. Lyapunov Theory
The nonlinear differential equation as given below is
investigated by Lyapunov [7].
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where, f(0)=0 )

As £(0)=0, the equation: x(t)=0 has the solution.
If any positive definite (pd) Lyapunov function

V :R" — R exists such that for the solution of (1) the
derivative of Lyapunov function 'V'is negative semi
definite (nsd), then the solution is stable. If derivative of
Lyapunov function 'V' is negative definite (nd), then the
solution is asymptotically stable [6].

Assume the linear system as given below
=X _ ax

m O]

If this system is asymptotically stable, then according to
the Lyapunov equation given as

ATP+PA=-Q €))

A symmetric positive definite matrix 'P'is obtained for
each symmetric positive definite matrix 'Q'[7].

1. MATHEMATICAL MODELING OF A MIMO
COUPLED TANK SYSTEM

Fig.2 shows the structure of the two coupled tanks [6].
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Fig. 2.Structure of MIMO coupled tanks

where,
F.. & F,, =Fluid input flows,

F..F., &F., =Fluid output flows,

A & A, =Area of tank’s base,

L, &L, = Level of fluid in tank,

LT, & LT, = Level transducer,

LIC = Controller and level indicator,

FV, & FV, = Input flow control valves,

R;, R, &R, = Hydraulic resistances

The variation of liquid level in tanks can be given as [6]:
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dL 1
d_tz = E(Faz - Fez + Felz) (5)
Considering:
L L -L
Felzi;Fezz_z;Feu:# (6)
Rl RZ R12
Equation (4) and (5) can be given as:
Ca RBrRey 21+ rF, ©
dt AlRl R12 AlRlZ
L L RetRey g ®)
dt A2 RlZ A2 R2 R12 AZ

Then state space equation can be given as [6]:

d 1 R+R 1 1

wb lR Rl2 R L] |a °[F1 ©
dt _| ARRp ARy, |: 1} n A |: a1:|

E , 1 — R, +Ry, L, 0 i Faz

dt AR, ARRy, A,

(10)

Li__lo L1+00 Fa
L,| |0 1)L, | |0 O]F,
The values of the plant parameters are given below in

Table. 1 [6]

TABLE I. Values of Plant Parameters

Plant Parameter Values
A 0.8
A, 0.4
R, 0.5
R 0.3
R, 1

Putting the above plant parameters in (9) the state space
equation can be obtained as [6]:

L | [-6667 41667 JL| [125 0TF,

= + (11)
[, | L83333 -108333]L, 0 25|F,

IV. DESIGNING OF CONTROL ALGORITHM
A. Choosing Reference Model
In model reference adaptive system, before designing the
control algorithm for updating controller parameters,

select the reference model depending on our desired
requirements.

Suppose our requirement is to make coupled tanks system
to operate as a decoupled tanks system having rise time
less than 2 seconds and overshoot less than .01%. To
achieve this reference model can be given as:

) —2 oL 2 ofF
% Len-ror R e S
dt Al al el el2 L2 O —2 |_2 0 2 Faz
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L,| |0 1]L,| [0 O]F,

B. MRAC using Lyapunov Theory

The state space equation of the reference model given in
(12) can be given by [2]:

(13)

Xm = Amxm + er (14)

where A, e R™"is a stable matrix, B,, e R™%,reR%isa

bounded reference input vector, and ‘n’ is the order of the
plant.

Let us consider that the state space equation of the plant
model is given as:

X, =AX, +B,u (15)

where ApeR”X",BpeR”Xq are unknown constant

matrices and (A, B) is controllable.

Suppose plant parameters are known. Then control law
can be given as [2]:
u=-M"x,+N'r (16)
Putting control law from (16) in (15), close loop plant
obtained can be given as [2]:
=(Ap —BpM")xp +BpN*r

X, (7)

where M* e R¥" & N* € R%9 are controller parameters
Comparing (14) and (17)

(A, -B,M")= A, (18)

B,N" =B,

(19)
But (18) and (19) cannot be used directly for finding out
controller parameters if plant parameters are unknown. For
unknown plant parameters, adaptation laws have to be
designed which is as follows [2]:

Let, u=-Mx, +Nr (20)

By adding and subtracting the desired input term
—BP(M*Xp —N*r) in (15) and utilizing (18) and (19),

the state space equation of the plant can be obtained as
given below:

x.p :Amxp+er+Bp(M*xp—N*r+u) (21)
Substitute (20) in (21)

x.p =Amxp+er+Bp(— Mxp+l\~lr) (22)
where M=M-M* & N=N-N*

Subtracting (14) from (22)

&= Aye + B, (- Nix, + Nr) (23)
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Substituting (19) in (23)

&= Aye+BuN" (- Nix, + Nr) (24)
Suppose the Lyapunov function given below [2]:
V(g,M,ﬁ):gTP5+tr[MTFM +NTFNJ (25)
where P=P">0 satisfies the lyapunov equation
AnP +PA, =-Q (26)
for some Q=Q">0. Then,
V =—cTQe+2:TPB,N" (- Nix, + Nr)

I S (27)
+2tr|:MT1“M+ NTT N:l
Now,

&' PB,,N *_1Mxp =tr[M "TB] Pex] 1sgn(1)

And
£TPB,N""'Nr =tr[N"I'B] Per Isgn(l)

Therefore, for adaptation laws given below [2]:
M =M = Bj Pex; sgn(l) (28)
N =N=-BlPa sgn(l) (29)

Equation (27) can be simplified as:

V=-g' Qe
Hence (28) and (29) can be successfully used to update
controller parameters.
Equation (28) and (29) is slightly modified by multiplying
gain constant in order to improve the response of the
system [3] and can be given as:

M =M = 7,B]Pax" sgn(l) (30)

Ze
1]

N =—y,BIPer sgn(l) (31)

where y; & y, are called as adaptation gains.
If N*is ‘pd’ then | =1, and if N*is ‘nd’ then | =1
(2]

10
Solving (26) for Q = {0 J we get symmetric matrix.

025 0
P:
5 o

V. SIMULATION RESULTS

This section comprises of the simulation results obtained
through MRAC system. Fig.3 and Fig.6 shows the liquid
level in coupled system when only input F,; is applied for
two different sets of adaptation gains. Fig.4 and Fig.7
shows the liquid level in the coupled tank system when
only input Fy, is applied. Fig.5 and Fig.8 shows the liquid
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level in coupled tank system when both F, and F,, are
applied for different adaptation gains.

A. When y, =10,y, =10
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Fig. 3.Plant output for Fal=1, and Fa2=0
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Fig. 4.Plant output for Fal=0, and Fa2=1
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Fig. 5.Plant output for Fal=1, and Fa2=1

B. When », =100, 7, =1000
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Fig. 6.Plant output for Fal=1, and Fa2=0
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Fig. 7.Plant output for Fal=0, and Fa2=1
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Fig. 8.Plant output for Fal=1, and Fa2=1
VI. CONCLUSION

From Fig.3 and Fig.4 it can be seen that when only one
input is applied then the time domain specifications such
as rise time, settling time are higher for plant model
compared to reference model for low adaptation gains. If
we increase the value of adaptation gains the time domain
specifications of the plant reduces and the plant follows
reference model more appropriately as can be seen in
Fig.6 and Fig.7. Thus it can be concluded that the response
of the system improves by increasing the value of

adaptation gains.
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